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Abstract—To solve the multi-cell interference problem in down-
link cellular networks, we study G-cell multiple input multiple
output Gaussian interfering broadcast channels (MIMO-IFBC)
with K users on the cell-boundary of each base station (BS). The
main idea is to align interfering channels from each BS to its
non-intended users onto a small dimensional subspace. This is
called interfering channel alignment (ICA). We analytically derive
both the feasibility conditions for the ICA to achieve a total
number of degrees of freedom (DoF) of GK and the maximum
number of DoF, which is achieved by the ICA for a given antenna
conf guration. The numerical results show that our analysis is
valid and the achievable DoF of the proposed ICA outperforms
that of conventional schemes.

Index Terms—Interference alignment, degrees of freedom.

I. INTRODUCTION

TERFERENCE management has become a key challenge

in the design of future wireless cellular networks to sat-
isfy the demand for higher data rates. In order to increase
the system capacity for multi-cell and multi-user downlink
transmissions, interference management techniques, such as
coordinated multipoint transmission and reception (CoMP),
have recently been highlighted [1]. However, due to the nature
of broadcast and superposition over the wireless medium, each
user suffers from inter-user interference (IUI) and inter-cell
interference (ICI), as each base station (BS) sends independent
messages to different users in each cell.

To remove these interferences, a simple zero-forcing (ZF)
scheme in [2] simultaneously mitigates both ICI and IUI in
two-cell multiple-input multiple-output interfering broadcast
channels (MIMO-IFBC). It is shown that when there are
two BSs with M transmit antennas and K users with N
receive antennas in each cell, the ZF scheme in the two-
cell MIMO-IFBC achieves a number of degrees of freedom
(DoF) of min{2M,2K N, max(M, N)}. In [3], a precoding
scheme called subspace interference alignment (IA) for two-
cell MIMO-IFBC was introduced. The subspace IA is com-
posed of two cascaded precoders. The frst precoder puts ICI
vectors into a fnite multi-dimensional subspace. The second
precoder is constructed so that the IUI vectors lie on the
subspace spanned by the ICI vectors, which increases the
subspace dimension for the desired signal vectors particulary
in the case of a symmetric antenna conf guration. Furthermore,
there are some further results on the DoF obtained by IA in
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the two-cell case [5]-[7]. It is shown that in [5] the DoF per
cell is m#JYMK) for two-cell MISO-IFBC by assuming
time or frequency extensions. [6] has proved that K DoF
per cell can be achieved in two-cell K-user MIMO-IFBC if
M = K+ 1 and N = K. By providing a tight DoF outer
bound, [7] has investigated the optimality of the IA in the
two-cell network. An IA solution for the three-cell case has
been recently presented in [8]. However, the scheme does
not appear to guarantee higher DoF gains than the existing
resource partitioning method in the specifc cases because
some of the precious dimensions are wasted at the BSs.

Since the previous studies dealt with two or three-cell
scenarios, there is still no closed-form solution for general
MIMO cellular networks. In this letter, we consider G-cell, K-
user MIMO networks and propose a new linear beamforming
scheme, termed interfering channel alignment (ICA). The main
idea is to align multiple interfering channels from each BS to
its non-intended users onto a small dimensional subspace by
employing the intersection subspace property of vector space.
With the detailed operation of the ICA scheme, the feasibility
conditions for the proposed ICA are characterized in terms
of the number of cells and the number of users in each cell.
Furthermore, we investigate how many cell-edge users per cell
(K) can be served simultaneously to maximize the total DoF
achievable with a fxed number of antennas.

II. SYSTEM MODEL

We describe a system model for the multi-cell MIMO-
IFBC. The system contains G cells. Each cell has one BS
and K users, i.e., mobile stations (MSs). The k-th MS in
the i-th cell is denoted as [k,i| for k € {1,2,---, K} and
1€ {1,2,--- G}. Each BS is equipped with M antennas, and
each MS is equipped with /N antennas.

We def ne some parameters and notations as follows:

. Hg-k’ﬂ: N x M channel matrix from the BS j to the
MS [k, ], of which entry is independent and identically
distributed (i.i.d.) with CN(0,1).

o sl®i: symbol transmitted to the k-th MS in the i-th cell

with an average power constraint P.

vlF1: M x 1 transmit beamforming vector for carrying

the symbol s with the unit norm ||v(%|| = 1.

o wlFi: N x 1 receive beamforming vector at the MS [k, ]
with the unit norm ||w*|| = 1.

o nl®: N x 1 additive white Gaussian noise (AWGN)

vector at the MS [k, ] with variance o2 per entry.

(-)T: conjugate transpose operator.
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Fig. 1. Proposed ICA for (G, K,M,N) = (3,2,3,5).

The received signal y!*% at the MS [k, 1] is represented as

K
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After each MS decodes its desired signal by applying receive
beamforming, the signal at the MS [k, 4] is expressed as

gkl = W[k,i]THEk»i]v[k,i]S[k,i]
K
4+ wlkdt Z HEk»i]v[k’,i]S[k’,i} 3)
k' =1,k'#k
G K
+ wlkdt Z ZHE{W}V[k/,i’]S[k’,i’]_|_7;L[k,i]
i =1,i'#i k'=1

where nl*7 = wlkdfnlk s the effective noise. The achiev-
able rate at the MS [k, 7] is obtained as (1).

The DoF (also known as the multiplexing gain) is def ned as
a pre-log factor of the sum rate. The individual DoF achieved
by MS [k, ] and the total DoF are expressed as, respectively,
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where the SNR + is given by U—Pz

III. INTERFERING CHANNEL ALIGNMENT

The proposed ICA scheme operates with two steps. First,
each MS cooperatively constructs the receive beamforming
vectors in order to align the effective ICI channel within a
small dimensional space. Through this ICI channel alignment,

each BS can regard K (G — 1) different ICI channels as A-
dimensional ICI channel vectors with A < K (G —1). Second,
each BS removes ICI and IUI simultaneously by making
the transmit beamforming vector orthogonal to the subspace
spanned by the effective ICI channel and IUI channel vectors.
Here, we assume that the perfect knowledge of channel state
information (CSI) is available at both the BS and the MS.

In order to facilitate understanding of the ICA scheme, we
frst discuss one example with (G, K, M, N) = (3,2,3,5) as
illustrated in Fig. 1, and then extend it to the general case.

A. Example Case of (G, K,M,N) = (3,2,3,5)

1) Step 1. Design of receive beamforming vectors through
ICI channel alignment: The receive beamforming vectors of
MSs [1,4] and [2,4], i.e., wll' and wl>?, are determined in
order that the effective ICI channels from the BS ¢ to all non-
intended MSs in the other cell are aligned, where i € {1, 2, 3}.
The ICI channel alignment conditions in each BS are given by

span (h{m) = Span (H[11’2HW[1’2]) = span (H[2 ZHW[Z’Q])

= span (Hlll’gﬁw[l‘31> = span (H[f’g]Tw[ZSJ) )
span (hécj) = span (H[zl’lhw[l"l]) = span (H[22,1]‘rw[2,1])

= span (H[Ql’sﬁw[l"g]) = span (
span (h§01> = span (H.[;’”TW[M]) — span (Hf Ut [2. 1])

— span (H[Smﬁwu,z]) — span (ngﬁw[m) NG

where span(-) means the space spanned by the column vectors
of a matrix, and h!“/means the basis vector of aligned effec-
tive interference channels after applying the receive beamform-
ing vectors to all the interfered MSs that suffer from ICI by
the interfering BS 4. Note that in this operation, the received
interferences are not aligned from the viewpoint of a MS, but
the interfering channels are aligned from the viewpoint of a
BS. As more restrictive conditions, (5)-(7) can be rewritten by

h{CI _ H[11,2]TW[1,2] _ H[12’2Hw[2’2]

_ H[11,3]TW[1,3] _ H[12’3Hw[2’3] )
héCI _ H[21,1]TW[1,1] _ H[22’1Hw[2’1]

_ H[21,3]TW[1,3] _ H[22’3Hw[2’3] ©)
thI _ H[31,1]Tw[1,1] _ H:[32’1HW[2’1]

_ H[31,2]Tw[1,2] _ H:[SQ,QH‘W[Q,Q] (10)

To jointly construct the received beamforming vectors, we
aggregate the ICI channel alignment conditions of all BSs



given by (8)-(10) into a unifed system equation, as follows:
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where F is a 12M x (3M + 6N) matrix with orthogonal
columns. From (11), we can obtain the receive beamforming
vectors that satisfy (8)-(10) by fnding the null space of F. It
should be noted that there exists a vector x in the null space of
F only if the column size of F is greater than the row size of
F by the DoF of each MS, dl®# = 1. Therefore, 3M + 6N >
12M should be satisfed. In this case of M=3 and N=5, the
size of F is 36 x 39. Thus, it has a three-dimensional null
space and the receive beamforming vectors for ICI channel
alignment is obtained explicitly with probability one.

2) Step 2. Design of transmit beamforming vectors through
1UI and ICI cancellations: Since the effective ICI channels are
aligned with each other, the BS ¢ can regard four different ICI
channel vectors as a single ICI channel vector that spans one
dimensional subspace, as shown in Fig. 1. Therefore, BS ¢ can
send the symbols s!™ and s[> to MS [1,i] and MS [2, ],
respectively, using only three transmit antennas without any
interference. To completely eliminate interference, the transmit
beamforming vectors for two MSs in the BS 4, v[!/l and v[2,
are designed as

) ) ; T
v € null ([(WWTH?”])T,h{“} ) (12)

) ) ; T
v24  nul ([(w[lﬂlfH?”])T,h{“} ) (13)
where null(-) denotes an orthonormal basis for the null space
of a matrix.

B. General Case

On the basis of the result of the previous example, we extend
the proposed ICA scheme to the general case with G cells and
K MSs. The main result is summarized as follows:

Theorem 1: For the G-cell MIMO-IFBC where each BS
supports K MSs, we can achieve one DoF per MS if

{(Gfl)gfﬁ}M a4

where A € {0,1,---, min[(G—1)K, M —1]} is the dimension
of the aligned effective ICI channels.

Proof: In order to align K (G — 1) effective ICIs within
A-dimensional space, the receive beamforming vectors should

M>K+A and N >

be constructed as

ICI ,ICI ICI
span ([ 7", 5", -+ hiX']) =
span ({HJI_CI,l, o H;cz,j—17 H§Cl,j+17 o 7H§01,G} )15)
where HICLi — [plbit gt g2tz H[_K,i]tw[K,i][]—‘
J J ’ J ’ ’ J
is a channel matrix composed of K ICI vectors from the j-t

BS to all K MSs in the i-th cell after applying the receive
beamforming vectors for i # j.

To minimize the required number of transmit and receive
antennas (M and NN), we need to restrict the condition (15)
and can represent it as a matrix form in a similar way to (11).
Thus, we can generate a new unifed system matrix F with
a size of G(G — 1)M K x (GMA + GKN) and obtain the
receive beamforming vectors by fnding the null space of F.
The existence condition of the null space of F is given by

((G=K —ap 6

Note that since N > 0 should be satisf ed, A should be smaller
than (G—1) K. Furthermore, if all the effective ICI channels to
each MS in interfered cells after applying receive beamforming
vectors are aligned within a different A-dimension space, the
minimum number of transmit antennas needed to eliminate
both ICI and IUI simultaneously is given by

N >

M > K +A. (17)

where since K > 1, A < M — 1. Finally, the minimum
number of antennas required at the BS and the MS is given
by, respectively,

(G- 1)K — A}M
K

M*=K+A and N*:{ +e-‘.(18)

where € is an arbitrarily small positive number, € < 1. |

C. Achievable DoF

In cellular networks, generally the number of installed
antennas (i.e., M and N) is fxed and not large due to the
limited physical size of the devices. However, the numbers of
cooperative cells and users (i.e., G and K, respectively) are
variable according to scheduling and their ranges are much
wider than those of M and V. In particular, there are many
MSs interfered by neighboring cells owing to the practically
overlaid cell structure, and the condition on the value of K is
less tight than the one on the value of GG. Therefore, we try to
derive the maximum K value when each of K MSs in a cell
has one-DoF at a given (G, M, N) condition. This eventually
leads to the maximization of achievable DoF. In Theorem 1,
the condition (14) is represented as

N wskea o

From (19), we have two inequalities as follows:
K<M-A, (20)
K- N—(G-2)A+\/{N—(G-2)A}2 + 4(G-1)A? on

2(G - 1)



By combining (20) and (21), K is bounded as

K <min{M — A,
NAG-2)A+ VIN—(G-2)APH4(G-1)A? GJ } .

20G —1)

where A € {0,1,---,min[(G — 1)K, M —1]}.

Let us defne fi(A) = M — A and f2(A) =
N7(Giz)A+\/{]\;éfiz)A}2+4(GfI)Az. Then, our objective

function is described as

mAaXK = mAaxmin{fl (A), | f2(A) — €]} (23)
s.t. G,M,N >1, (24)
A 0,1, -, minf(G — 1)K, M —1]}. (25)

Note that f1(A) is a decreasing function and f2(A) is a convex

. dfs _ 2N?
function for A.because of 533 = [ANAT(N—GA]? > 0.
Thus, the maximum K can be found at either A* = 0 or

[a] where « is derived from the equation fi(a) = f2(a) and
. _ (G-1)M?’-MN r. *

is given by o = 53— First, at A* = [a], a local
maximum K is given by

M2
:{GM;N_

Kl=f1(fa1)=M—[(G_1)M2_MNW

AN ﬁx%)

Then, at A* = 0, the other local maximum K is given by

ngmin{M, {G]il_eJ} (27)

Therefore, the maximum K value, K*, is expressed as

K* =max {Kl,KQ}
=max { {G]\JY;N_GJ , min {M, \‘%—EJ }}(28)

We observe that the condition K; > K5 is equivalent to
M > N. Therefore, the solution of the optimization problem
is summarized as follows.

If M > N,
. [(G-1)M2-MNT ., | M?
A" = Krf=| —
[ GM—-N |’ av—n @
If M < N,
A*=0, K* =minq M N (30)
=0, = o e €l p.

Note that A* denotes the optimal dimension parameter that
we should control to maximize the DoF, and K* means the
maximum number of MSs in a cell which have the DoF of
one (i.e., the optimal DoF per cell) by using A*-dimension
for ICI alignment. In practice, we can choose A* and then
fnd K* MSs for cooperation at a given (G, M, N) condition
in order to achieve the maximum DoF in MIMO-IFBC.

Remark 1: When M < N, the ICA corresponds to multi-
user MIMO to deal with TUI from a BS perspective while each
user eliminates the remaining ICIs by decoding all the messages
in the network and discarding out-of-cell users’ signals.
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Fig. 2. Achievable DoF vs. number of transmit antennas when N=8.
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IV. RESULT AND DISCUSSION

We compare the proposed ICA scheme with the orthogonal
scheme (e.g. resource partitioning among interfering BSs),
three-cell IA [8], and outer bound from [9]. We choose G=2,
3, and 6 by considering a cell structure with a maximum of
Six sectors.

Fig. 2 shows the achievable DoF versus the number of
transmit antennas when N is fxed to 8. As M increases,
the achievable DoF of all schemes increase. In general, the
performance of the proposed ICA scheme is reduced with an
increase in the number of cooperating cells, G, because the
number of ICIs increases. When G < 3, the proposed ICA is
overall better than the conventional schemes. This is attributed
to the fact that the proposed ICA exploits the signal space more
eff ciently and searches for the optimal ICI alignment space
within the wider range of 1 ~ (G — 1)K.

Fig. 3 demonstrates the achievable DoF versus the number
of receive antennas when M is set to 8. While the conventional
schemes exhibit constant performances, the DoF of the ICA
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scheme increases with . In this case, the increasing rate is
slightly better than tha in the case when N is fxed and M
increases, as shown in Fig. 2. However, the performance of
the ICA scheme is eventually limited to GM owing to (30) if
N increases by a certain point.

In Fig. 4, we demonstrate the ergodic sum rate perfor-
mance of the proposed scheme compared with those of ex-
isting schemes. As shown in the fgure, the proposed ICA
scheme exhibits superior performance to others in case of
(G,K,M,N) = (3,3,7,5). We also observe that the sum rate
of the proposed ICA scheme increases linearly with the slope
of 9 while those of the existing schemes increase linearly with
the slope of 6 and 7. From this results, it confrms that the
sum rate performances exactly coincide with the DoF results
which is analytically derived in Section III.

V. CONCLUSION

We proposed ICA scheme for downlink multi-cell MIMO
networks, jointly designing transmit and receive beamforming
vectors. The ICA scheme is inspired by the intersection
subspace property of the vector space, thereby exploiting the
signal space effciently. We derived the minimum antenna
conf guration in order to achieve one DoF per user. From
a practical perspective, we also characterized the maximum
number of scheduled users through the ICA for any antenna
conf guration. By the downlink and uplink duality, the degrees
of freedom results in this paper are also applicable to the
uplink system.
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